Abstract-We present a systematic approach to describe planar slot antennas embedded in generic stratified media. An equivalent transmission line model for the slot is proposed, based on a spectral domain analysis. First, we introduce a method of moments solution to model semiinfinite or finite slots, fed by a delta-gap excitation. The solution entails only two basis functions, one located at the feed and the other at the termination. The latter basis function is chosen to properly account for the field diffractive behavior at the antenna end points. An approximate circuit model is then introduced, which describes the main mode propagating along the slot as an equivalent transmission line. Lumped impedances are extracted to accurately describe the source and the end points: the reactances account for the reactive nature of the feed and the termination, while the resistances represent the radiated space waves, emerging from both the feed and the end points. This procedure can be used to derive the input impedance of planar slot antennas with arbitrary length in generic layered media or the interaction between multiple feeds within the same slot.
I. INTRODUCTION

P
RINTED slot antennas are among the most common planar antennas in use today and they have been extensively studied in the literature, both as isolated elements and in array configurations. Their structure is complementary to the printed dipoles, thus all known analytical solutions of canonical dipole antennas can be applied also to slots by using Babinet's principle [1] . However, realistic slot antennas are not radiating in free space but in the presence of a more complex dielectric stratification. In these cases, the input impedance is typically determined with general-purpose numerical methods.
A convenient way to describe a center-fed slot is with an equivalent transmission line, where the excitation is modeled as a shunt generator and the slot arms are represented as two transmission line sections. For example, equivalent transmission line models were used in [2] - [4] to aid the design of slot antennas with different loadings. To compute the characteristic impedance and the propagation constant of the slot lines, different methods have been proposed in [5] - [8] . Several transmission line models for slot antennas are based on the solutions given in [9] and [10] . In particular, the approach in [9] was based on equating the power radiated by the slot to the power delivered to a lossy transmission line. Moreover, both models in [9] and [10] considered short circuits to describe the slot terminations, and thus did not account for the reactance associated with the end points. An improved model was proposed in [11] , where the inductance of the slot-shorted ends was considered.
A limitation of all the abovementioned models of finite slot antennas is that they do not account for the reactance of the feed and the diffraction from the edges. Besides, the radiation is modeled as a distributed resistance through a lossy line or as a single lumped resistance, thus it is not possible to separate the contributions to the radiated power that are emerging from the feed and from the end points.
A different approach is presented here, where an improved model is proposed that accurately describes the reactive nature of both the feed and the terminations of the slot. First, a method of moments (MoM) solution is given where, by using the Green's function of an infinite slot [12] , only two basis functions are employed to describe the current in the feeding gap and at the edges of the antennas. The basis functions are appropriately chosen to represent the reactance due to the finite dimension of the feed and due to the diffraction of the electromagnetic field at the end points. Moreover, the MoM solution allows representing the radiation from the slot in terms of three separate resistances, one associated with the feed point and two located at the edges. Such configuration gives more physical insight, as the radiated field can be interpreted as three space waves, emerging from the feed and the end points.
An additional advantage of the proposed method is that the characteristic impedance of the transmission line is derived by extracting the polar singularity contribution of the spectral domain Green's function as in [13] and [14] , thus can be generalized to arbitrary stratified media, as long as the polar and the branch singularity do not coincide. This paper is structured as follows. In Section II, we discuss the MoM solution for semiinfinite slots, by starting with the spectral magnetic current distribution on an infinite slot and then introducing the termination. Subsequently, in Section III, an equivalent circuit of the slot is provided, based on the numerical solution. The model is extended to represent finite slots in Section III-D. The physical phenomena near the termination of the slot are studied in Section IV, by quantifying the end-point impedance, the power launched in quasi-TEM waves propagating along the slot, as well as the power radiated as space waves, followed by conclusions in Section V.
II. MOM SOLUTION FOR SEMIINFINITE SLOT
This section describes the steps for calculating the input impedance and the current distribution of a semiinfinite slot in an arbitrary stratification. The infinite slotline solution is given first, as it constitutes the basis for the theory described in the remainder of this paper. The termination of the slot is then introduced and described by means of an ad-hoc basis function that accounts for the diffraction at the slot edge.
A. Infinite Slot
Let us consider an infinite slot oriented along x in the presence of a generic dielectric stratification. For example, the slot can be in free space, as shown in Fig. 1(a) , or printed on a dielectric slab, as in Fig. 1(b) . The slot is assumed to be electrically narrow and excited by a feeding gap, which is small in terms of wavelength (δ-gap excitation). The solution for the voltage along the slot can be written as a 1-D inverse Fourier transform, similar to [13, eq. (1) ]
where i δ is the average current in the feeding gap, F δ (k x ) is the spectral basis function representing the difference between the impressed tangential magnetic fields above and below the slot plane, exciting the gap
and
is the spectral longitudinal Green's function of an infinite slot, defined in [12, eq. (8) ]. G hm x x is the x x-component of the spectral dyadic Green's function relating magnetic field to magnetic source, and k x and k y are the spectral counterparts of the spatial variables x and y, respectively. As the transverse current distribution is assumed to be edge singular, its Fourier transform is the zeroth-order Bessel function of the first kind M t (k y ) = −J 0 (k y w/2). The integral in (3) can be analytically solved for free space or for slots at the interface between two homogeneous media [12] , while it can be numerically computed for generic stratification.
The input impedance of the infinite slot can be defined as the ratio of the average voltage (v δ ) and the average current (i δ ) over the feeding gap
By substituting (1) into (4) and evaluating the integral in dx, the input impedance can be expressed as a single spectral integral
The integrands in (1) and (5) present square-root branch and polar singularities. The location of these singularities in the complex plane depends on the layered dielectric medium under consideration. For example, for the geometry in Fig. 1(b) , the branch points are in k x = ±k 0 and the poles are in k x = ±k xp , as shown in Fig. 2 . The integrals can be then numerically solved along the deformed path also shown in Fig. 2 .
B. Semiinfinite Slot
Let us now consider a semiinfinite slot, interrupted at a certain distance, d, from the feeding gap, as depicted in Fig. 3 . A convenient way to represent the semiinfinite slot is to assume that the short is realized with a metallic interruption of finite length l short , as shown in Fig. 4(a) . The length of the short is sufficiently large so that the magnetic current induced in the slot for x > d + l short does not influence the current at x < d. This assumption allows modeling a semiinfinite slot with infinitely extended metal (for x > d) as an infinite slot with a finite metal termination. Such an approximation is beneficial due to the availability of the infinite slot spectral Green's function in (3) .
To represent the boundary conditions on the shorted end, an electric current is assumed to be distributed at x > d with an edge-singular behavior, as shown in Fig. 4 (b). The edge-singular behavior is assumed to be represented with the following basis function:
where rect l (x) is equal to 1 for x ∈ [−l/2, l/2] and 0 elsewhere, and the parameter g in (6) is related to the width of the current distribution on the metallic interruption. The choice of the value for g is found to be linked to the width of the slot and the free-space wavelength λ as
The expression for g has been empirically derived by curve fitting the numerical data obtained with a parametric analysis performed in CST. The accuracy of this expression will be later assessed by comparing our results for the slot input impedance with commercial electromagnetic solvers.
With the given choice of the basis functions, the voltage on the semiinfinite slot can be expressed similar to (1) as follows [15, eq. (19) ]:
where i g is the average current on the metallic interruption and
is the Fourier transform of (6), which can be calculated in closed form as
with H 0 being the zeroth-order Struve function. The average voltage on the delta-gap feed (v δ ) and on the metallic interruption (v g ) can be expressed by Galerkin projection of (8) on the corresponding basis functions, which after some algebraic manipulations yields the following system of two linear equations [15, eq. (17)]:
where we imposed v g = 0 for the perfect conducting termination. The mutual and self-impedances are given by
where the subscripts i and j can refer to either δ or g, and the locations of the basis functions are defined as x δ = 0 and
The input impedance of the slot can now be derived from (10) as the ratio between the average voltage and the current on the delta-gap
As a numerical example, Fig. 5(a) shows the input impedance of a semiinfinite slot in free space calculated as described above, compared to CST. The distance between the excitation gap and the termination of the slot is d = λ 0 /4, the width of the slot is w = λ 0 /50, and the length of the delta-gap is δ = λ 0 /40, where λ 0 is the wavelength in free space at the frequency f 0 . Fig. 5(b) shows the input impedance of the same semiinfinite slot, when a thin dielectric substrate is added. The relative permittivity of the dielectric is ε r = 4 and the height of the slab is h = λ d /20, where λ d is the wavelength in the dielectric at f 0 . A very good agreement is observed in both examples.
III. EQUIVALENT TRANSMISSION LINE CIRCUIT
Based on the numerical solution, an equivalent circuit model can be derived. The procedure entails the analysis of the polar and branch singularities of the spectral integral expressions of the impedances. The pole contributions to the integrals, when solved with the residue theorem, can be represented with equivalent transmission lines describing the guided propagation along the slot. 
A. Residue Contribution of the Input Impedance of an Infinite Slot
The integrand in the impedance expression in (5) presents two types of singularities that can be recognized by writing the denominator D s (k x ) explicitly: square-root branch points, representing radiated space waves, and poles associated with quasi-TEM waves guided along the slot. When the poles and the branch points coincide, e.g., for a slot on perfectly conducting plane radiating in a homogeneous medium, the two contributions cannot be considered separately. In these cases, the integral in (5) can be solved asymptotically with the method in [16] . This approach allows writing the voltage on the slot for large values of (x i −x j ) as the solution of a tapered transmission line with x-dependent characteristic impedance, which is, however, not convenient to model multiple feed points or terminations.
To isolate the polar contribution from the branch, one can introduce small losses in the ground plane [13] , [17] or a thin dielectric substrate, so that the pole singularity moves away from the branch point in the complex k x -plane. The location of the pole, k xp , can be found using a local-search algorithm (e.g., Newton's method) starting from an appropriate initial point.
By using Cauchy's residue theorem, the polar contributions of the input impedance of an infinite slot defined in (5) can be written as
where the prime ( ) indicates the operation of differentiation. By representing the impedance as two parts, namely, its residual contribution and a remaining term as
the infinite slot can be represented by an equivalent circuit, as shown in Fig. 6 . The model consists of two semiinfinite transmission line sections representing the slotline and a transformer with turn ratio n δ = F δ (−k xp ), in series with the impedance Z δδ,rem . The characteristic impedance of the transmission line is given by [13, eq. (7)] Fig. 7 shows a comparison between the characteristic impedance of the transmission line calculated with (15) and the methods described in [6] and [8] . The characteristic impedance is calculated for a slotline in the presence of a dielectric slab of height h = λ 0 /40 and a relative permittivity equal to ε r = 10, for the sake of comparison with [6, eqs. (3) and (5)] and [8, eq. (7)] . It can be seen that the characteristic impedance as a function of the ratio between w/ h corresponds well to the values found in previously published literature.
The resistance and reactance representing the radiation emanating from the feed and the reactive energy around the feed, respectively, are represented as a lumped impedance, Z δδ,rem . This impedance is compared to values extracted from CST in Fig. 8 , by calculating the input impedance of an infinite slot, and subtracting Z δδ,TL as calculated with (13) . The height of the dielectric slab is h = λ d /20 and the relative permittivity of the material is ε r = 4. The value for Z δδ,rem is shown for δ = λ 0 /50 and for δ = λ 0 /100 both for w = λ 0 /50 in Fig. 8(a) and for w = λ 0 /100 in Fig. 8(b) . It can be seen that the real part of the impedance does not depend on the length of the gap. The reactance calculated with our method is slightly lower than the reactance found from CST. This difference is larger for wider slots and can be explained by the approximation of electrically narrow slots used to define D s (k x ) in (3).
B. Residue Contribution of the Mutual Impedance
Similarly, by using the residue theorem, the polar contributions of the mutual impedance Z gδ , defined in (11), can be written as Fig. 9 shows the comparison between the total integral Z gδ and the contribution due to the residue Z gδ,TL , as a function of frequency. The slot under consideration is printed on a dielectric slab. It can be seen that the difference between the total mutual impedance and the residue contribution (|Z gδ − Z gδ,TL |) decreases with the frequency, since the distance between the two basis functions becomes larger in terms of the wavelength. This effect can be interpreted by noting that, for small distances, the interaction between the feed and the termination is not only described by the propagating mode (residue) but also by space-wave coupling. For larger distance, the space wave contribution is less important, due to its geometrical spreading, thus the residue component, which has no spreading, becomes dominant.
By approximating the mutual impedance with its residual contribution, the equivalent model introduced for infinite slots can be extended to semiinfinite slots as shown in Fig. 10(a) . An additional impedance transformer is included at the termination of the slot with turn ratio n g = F g (−k xp ). Similar to (13) and (14), we can define the contribution of the transmission line to the self-impedance of the edge basis function as
and the remaining contribution to the total self-impedance as
The length of the transmission line section separating the two transformers is equal to the distance between the feeding point and the metallic interruption (d).
We can also define a single lumped impedance to represent the end point as
The end-point impedance can be represented as a resistor accounting for radiation and an inductor accounting for the reactive energy at the termination, such that the equivalent circuit of the semiinfinite slot becomes as in Fig. 10(b) .
C. Input Impedance and Accuracy of the Circuit Model
The input impedance of the slot can be found from the circuit as
where Fig. 11 . It can be seen that for σ = 6×10 7 S/m the transmission line does not describe the input impedance accurately, as the distance between the pole k xp and the branch point k 0 in the complex k x -plane is too small to separate the two contributions. In the case when σ = 1000 S/m this distance is larger, thus the polar contribution can be extracted and represents the wave launched along the slot better. Fig. 12 shows a similar comparison when a small dielectric is introduced. The dimensions of the structure are the same as in Fig. 5(b) . The presence of a thin dielectric is an effective way to separate the space wave and the guided wave contributions. Indeed, a good accuracy of the equivalent transmission line model can be observed in Fig. 12 , as the distance between k xp and k 0 is 0.34k 0 at f = f 0 .
As pointed out earlier, the accuracy of the equivalent transmission line model depends on the distance d between the feed and the end point. This dependence can be explained by the space-wave interaction between the two basis functions, that is not accounted for in the transmission line model. The space-wave coupling can be comparable to the guided-wave interaction for small distances, but its effect has less and less impact as the distance increases, due to the spherical spreading of the space wave. To highlight this effect, Fig. 13 shows the relative error of the input impedance of a semiinfinite slot calculated with the transmission line circuit, as a function of the distance d, for three values of the width w. The relative error is defined as
The slot has a feeding gap with size δ = λ 0 /40 and is printed on a thin dielectric substrate, with height h = λ d /20 and relative permittivity ε r = 4. It can be seen that the relative error decreases as a function of the distance. The periodic peaks in the relative error correspond to minima in the impedance, with values that are close to zero, thus in these points small absolute errors correspond to high relative errors. Moreover, narrower slots yield smaller errors because of reduced radiation associated with the basis functions and more dominant guiding effect along the slot.
D. Finite Slot
When considering a finite slot, as depicted in Fig. 14(a) , the edge-singular electric current is induced on both metallic interruptions. For a center-fed finite slot, the MoM solution can be then derived in the same way as for the semiinfinite slot, by replacing the edge basis function f g (x) with a pair of such basis functions at the two edges f double g (x), as shown in Fig. 14(b) . Due to symmetry, the two edge-singular currents at the edges have the same amplitude, thus the basis functions can be written in the spectral domain as
where l is the length of the slot. Following the procedure described earlier, the equivalent transmission line model for the finite slot becomes the one in Fig. 15(a) . If the two arms of the slot are equal, the input impedance of the slot can be found from the circuit as
where Z end rep is defined in (21). Fig. 15(b) shows the input impedance of a finite slot in the presence of a dielectric substrate calculated, comparing our MoM solution, a CST simulation and the equivalent transmission line model. The length of the slot is l = λ 0 /2, the width of the slot is w = λ 0 /50 and the length of the delta gap is δ = λ 0 /40. The relative permittivity of the dielectric is ε r = 4 and the 
IV. ANALYSIS OF THE SLOT TERMINATION
In the previous sections, an impedance has been introduced, which describes the end point of the slot. A more detailed analysis of the characteristic behavior of the fields close to the termination is presented in this section, with the aim to provide more physical insight to the reactive and radiative nature of the end point as a function of the slot width.
A. Voltage Distribution on the Slot
To this purpose, Fig. 16 shows the voltage along the semiinfinite slot calculated with the MoM and with the transmission line circuit. For example, we assume that the feeding gap is centered at x = 0, the termination is located at x = λ 0 , and the slot is infinitely extended for x < 0. Two cases are considered for the slot width: w = λ 0 /20 in Fig. 16(a) and w = λ 0 /2000 in Fig. 16(b) , with λ 0 being the wavelength at the calculation frequency f 0 . In the transmission line, the voltage along the line is described by the sum of two forward and backward traveling sine waves, while in the MoM solution the voltage is given by (8) . Clear differences can be seen between the two methods in the proximity of the feeding gap and the end point, for the larger slot width in Fig. 16(a) . The voltage calculated using the transmission line model is not zero at the end point but equal to the voltage across the load Z end . On the contrary, the voltage calculated with the MoM goes to zero at the end point, but it deviates from the sinusoidal distribution close to the termination. For the narrower slot in Fig. 16(b) , the discrepancy near the discontinuities is much less apparent.
The deviation from the sine profile can be explained by observing the real field distribution on the slot, evaluated with a 3-D full-wave method. The electric field along the slot is oriented in the transverse direction, as the tangential component of the electric field on a perfect electric conductor must be zero. However, near the end of the slot, the field lines bend in order to be normal to the metal on all three sides. This effect can be observed in Fig. 17(a) , which depicts the vector field lines near the edge, calculated in CST. Since the magnetic current (or the voltage) along the slot is orthogonal to the electric field, the magnetic current also bends. This bending is more significant for wider slots and gives rise to a reactive field concentrated around the termination, as well as space waves radiated in all directions.
For very narrow slots, the voltage near the end point follows the sinusoidal behavior more closely, i.e., the voltage reflection coefficient at the termination is closer to −1 and the end-point impedance is more similar to a short circuit. Fig. 17(b) shows the value of Z end for different slot widths. It can be seen that, indeed, both the inductance and the radiation resistance associated with the end point decrease for narrower slots.
B. Power Balance
The transmission line circuit can be used to find the power radiated from the feeding gap and from the end point of the slot, as well as the power launched in the semiinfinite slotline. The radiated power, P rad , is found as the sum of the power dissipated in R δδ,rem and R end , while the power launched along the slotline in the form of a quasi-TEM wave is indicated as P TEM . In order to compare the values of radiated power calculated with our circuit and with CST, a constant power equal to 0.5 W is fed to the structure by a generator with an internal impedance Z gen . The accepted power, entering the circuit, can be found as
where Fig. 18 shows the comparison of the power balance calculated with the circuit and from CST, showing a good agreement. The structure under consideration is a semiinfinite slot, on a thin dielectric slab,
, and relative permittivity of the dielectric ε r = 4. The generator impedance is equal to Z gen = 100 . It can be noted that the power launched in the semiinfinite slot is maximum at the frequencies where the length of the shorted stub is an odd multiple of λ eff /4, where λ eff is the effective wavelength of the transmission line at f 0 . For this condition, low radiation occurs. On the contrary, when the length d is a multiple of λ eff /2, the impedance seen from the terminated arm is much lower than the slot characteristic impedance, thus almost the entire accepted power is radiated. Another interesting property of the derived transmission line model is the possibility to quantify the portion of radiated power that is associated with the feed point and the terminations of the slot, P rad,δ and P rad,end , respectively. Fig. 19 shows the power balance of a semiinfinite (a) and a finite slot (b) in the presence of a dielectric slab. The slot parameters are w = λ 0 /20, δ = λ 0 /40, h = λ d /20, and ε r = 4 for both cases. In Fig. 19(a) , the distance between the feeding gap and the end point is d = λ eff /4 and the generator impedance is equal to Z gen = 100 . The length of the slot in Fig. 19(b) is l = λ eff /2 and the generator impedance is equal to Z gen = 300 .
It can be seen that, for the semiinfinite slot in 19(a), the radiated power emerges in approximately equal parts from the feed and the end point, independently on the length of the stub. A different condition occurs in the case of a finite slot, in Fig. 19(b) , for which most of the power is radiated from the terminations, when the slot length is resonant (l = λ eff /2). This observation suggests that, since the semiinfinite slot is nonresonant, the radiation appears to emerge equally from the feed and the termination. Such a property is also exploited in connected arrays of slots [18] , which consist of long slots periodically fed at multiple points to achieve wideband performance. Also in this case, because of the nonresonant property, the power is radiated evenly from all the feeding gaps of the array, effectively generating a uniform field distribution over the antenna aperture.
The resonant slot exhibits an opposite behavior, where the terminations have a dominant contribution to radiation compared to the feeding gaps. Indeed, in this condition, the currents are low at the feed location and very high at the end points.
V. CONCLUSION
An equivalent transmission line model for planar slots embedded in generic stratified media was presented. The procedure started with deriving an efficient method of moments solution for semiinfinite slots, with only two basis functions, one located at the feeding point and one at the termination of the slot. The basis functions were chosen such that they properly account for the reactive energy localized at these points. The procedure was then extended to a double termination, as to find the input impedance of a finite slot antenna with arbitrary length.
Based on the numerical solution, an equivalent transmission line circuit was derived, by extraction of the pole contribution from the mutual impedance integrals. To be able to separate the residue contribution from the space wave, a thin dielectric slab or losses in the metal can be introduced. The radiation is described in the model as resistances located at the feed and the end points. This approach allows representing the radiation from the slot as the generation of different space waves, one associated with the feeding gap and two emerging from the end points. The physical dimensions and the shape of the basis functions were accounted for in the circuit by means of transformers.
